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Abstract 
In this paper, we investigate tunable control of the group velocity 
of a weak probe field propagating through an f-deformed Bose-
Einstein condensate of Λ -type three-level atoms beyond the 
rotating wave approximation. For this purpose, we use an f- 
deformed generalization of an effective two-level quantum model 
of the three-level -configuration without the rotating wave 
approximation in which the Gardiner’s phonon operators for Bose-
Einstein condensate are deformed by an operator- valued function, 
, of the particle- number operator . Corrections produced by 
the counter- rotating terms appear in the first order as an intensity- 
dependent detuning and in the second order as an intensity- 
dependent atom-field coupling. We consider the collisions between 
the atoms as a special kind of f- deformation where the collision 
rate 
Λ
)ˆ(nf nˆ
κ is regarded as the deformation parameter. We demonstrate 
the enhanced effect of subluminal and superluminal propagation 
based on electromagnetically induced transparency and 
electromagnetically induced absorption, respectively. In particular, 
we find that (i) the absorptive and dispersive properties of the 
deformed condensate can be controlled effectively in the absence 
of the rotating wave approximation by changing the deformation 
parameterκ , the total number of atoms and the counter- rotating 
terms parameter
Nˆ
λ , (ii) by increasing the values ofλ ,κ and 
N/1=η , the group velocity of the probe pulse changes, from 
subluminal to superluminal and (iii) beyond the rotating wave 
approximation, the subluminal and superluminal behaviors of the 
probe field are enhanced.  
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 1 Introduction 
 
The manipulation of subluminal and superluminal light propagation in material 
systems has been the subject of growing interest over the years [1]. Normal dispersion 
leads to subluminal propagation and superluminal propagation corresponds to abnormal 
dispersion. Manipulation of light propagation in an optical medium can be realized by 
changing the dispersive properties of the medium. Experiments have recently 
demonstrated both subluminal [2, 3] and superluminal [4] propagation of light in an 
optical medium. Recently, tunable group velocity for light propagation from subluminal 
to superluminal in Λ -type and V -type three level atoms in a single system has been 
shown. For example, switching from subluminal to superluminal propagation can be 
achieved by changing the Rabi frequency of an additional microwave field [5], by 
increasing the intensity of the single driving field [6] and by adjusting the relative phase 
between probe and pump fields [7]. Experimental evidences of subluminal and 
superluminal propagation in four-level atoms have also been obtained [8]. The above-
mentioned experiments of subluminal and superluminal propagation are performed in the 
electromagnetically induced transparency (EIT) and electromagnetically induced 
absorption (EIA), respectively. In 1999, Hau and coworkers [2] reported an experimental 
demonstration of EIT in a Bose-Einstein condensate (BEC) of sodium atoms, in which 
the optical pulses propagated at twenty million times slower than the speed of light in 
vacuum. As is known, to study the dynamics of the BEC gas, the Bogoliubov 
approximation [9] in quantum many body theory is usually applied, in which the creation 
and annihilation operators for condensate atoms are replaced by a c-number. However, 
this approximation destroys the conservation of the total particle number. To overcome 
this problem, Gardiner [10] suggested a modified Bogoliubov approximation by 
introducing phonon operators which conserve the total atomic particle number  and 
obey the f- deformed commutation relation of the Heisenberg-Weyl algebra such that 
as , the usual commutation relation of the Heisenberg-Weyl algebra is regained. 
Then the Gardiner’s phonon approach gives an elegant infinite atomic particle- number 
approximation theory for BEC taking into account the conservation of the total atomic 
number [11].  
N
∞→N
In the last few years, there have attracted tremendous interests in the development of 
studies for deformations of classical Lie algebras, so-called quantum groups, quantum 
algebras and quantum spaces, whose rich structures have produced important results in 
different areas of mathematics and physics. Quantum groups and quantum algebras have 
been applied to several research areas of physics and mathematics such as exactly 
solvable statistical models [12], non commutative geometry [13], nuclear quantum many 
body problems [14] and rational conformal field theories [15]. The study of quantum 
groups have led to the notion of q-deformed boson oscillators [16] based on deformation 
of the standard algebra of boson creation and annihilation operators. The q-deformed 
boson oscillator has been interpreted as a nonlinear oscillator with a very specific type of 
nonlinearity which classically corresponds to an intensity dependence of the oscillator 
frequency [17]. In addition, a general type of nonlinearity for which the intensity 
dependence of frequency of oscillations is described by a generic function , so-
called f-deformation, has been introduced [18]. The relation between deformed radiation 
field and nonlinear quantum optical processes has been studied [19]. Recently, much 
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 attention has been paid to understanding and applications of the f-deformed bosons for 
the description of BEC [20]. The type of quantum nonlinearity introduced by f-
deformation provides a compact description of physical effects in BEC. For example, the 
f-deformed BEC produces a correction to the Plank distribution formula [21, 22]. The 
statistical and thermodynamical properties of a gas of f-deformed bosons have been 
investigated [23].  
BEC has commonly been referred to as Dicke model [24]. The quantum 
electrodynamical model involving the interaction of a single mode of the electromagnetic 
field with identical two-level atoms, known popularly as the Dicke model [24] in the 
literature, is of interest in many areas of physics. Many aspects of the Dicke model have 
been studied, such as critical behavior of the atom-field entanglement [25, 26], squeezing 
[27] and quantum phase transition [28]. A change from quasi-integrable to quantum 
chaotic behavior in the Dicke model has been established [29]. The finite-size corrections 
in the Dicke model have been studied [30]. These corrections have been shown to be 
crucial in the understanding of entanglement properties [26]. 
N
 As we know, the Dicke model is analytically solvable due to the RWA, which is a 
popular technique in quantum optics, laser physics and other branches of resonance 
phenomena [31]. It leads to some mathematical simplifications in the calculation 
procedures of many problems. Under this approximation the rapidly oscillating counter-
photon transitions are dropped from the interaction Hamiltonian. However, if the counter- 
rotating terms (CRTs) are considered, the models are not solvable by usual techniques 
since the eigenstates of the Hamiltonian can not be found in a closed form. In physical 
terms, this generalization allows us to introduce an additional parameter λ  into the Dicke 
model. The physical nature of the additional parameter λ  might be treated as some 
nonlinearity. The use of Dicke model beyond the RWA, in this case, corresponds to a 
phenomenological description of the nonlinear interaction of the atoms with the 
electromagnetic fields under the RWA. Although the RWA is a very good approximation, 
the CRTs contributions in the Dicke model have received increasing attention from many 
authors, since they can yield physical effects, albeit small ones. Influence of the CRTs on 
the population inversion in the Dicke model with cavity damping for an initial coherent 
field has been studied [32]. It has been shown [33] that the CRTs could lead to significant 
changes in the Rabi oscillations and squeezing in the Dicke model in the absence of 
cavity losses. Analogous investigations in cavity with losses [34] have confirmed the 
significance of the contribution of the CRTs, in which the effect of the CRTs leads to the 
appearance of new steady states. The role of the CRTs in the dynamical and steady state 
behavior of the dipole moment, mean photon number and squeezing parameters in the 
Dicke model with cavity losses have been examined [32]. All the studies reveal the 
significance of further investigation of quantum properties in the Dicke model with the 
CRTs included. Furthermore, it is reasonable to expect that the optical properties of an 
atomic medium and propagation properties of optical pulses in the medium are modified 
in the presence of CRTs.  
In the present paper, we investigate tunable control of the group velocity of an optical 
pulse propagating through an f-deformed BEC beyond the RWA. The system under 
consideration is an f- deformed BEC of a gas with Λ - type three- level atoms in the EIT 
regime, in which the Gardiner’s phonon operators for BEC are deformed by an operator- 
valued function . By considering the CRTs in the interaction Hamiltonian and the )ˆ(nf
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 effect of collision between the atoms within the condensate as a special kind of the f- 
deformation, in which the collision rateκ , is regarded as a deformation parameter, we 
analyze the light propagation in the deformed BEC. Such a system offers extra degrees of 
flexibility ),,( λκ N  for processing signal, and an effective control of the group velocity 
of light in deformed BEC can be demonstrated by changing the controlling parameters 
),,( λκ N which leads to both subluminal and superluminal propagation of light. We show 
that the presence of both CRTs and f-deformation, exhibit nonlinear characteristics in the 
system under consideration, such that the nonlinearities may be increased by adjusting 
the controlling parameters ),,( λκ N , and the nonlinearities enhance the subluminal and 
superluminal properties of  light propagation.  
The scheme of the paper is as follows. In section 2 we present our model and by using 
a method based on perturbation theory, we first show that in the absence of RWA, the 
model Hamiltonian can be transformed to an intensity-dependent Hamiltonian. 
Corrections produced by the CRTs appear in the first order as the intensity-dependent 
detuning and in the second order as the intensity-dependent atom-field coupling. In 
section 3 we use the deformed algebra to study the condensate with large but finite 
number of atoms. We show that a physical and natural realization of the f- deformed 
boson is provided by the Gardiner’s phonon operators, for the description of the BEC. 
Here the deformation parameter is no longer phenomenological and is defined by the 
total number of atoms. We show that the effect of collisions between the atoms within 
condensate is an extra deformation on the intrinsically deformed Gardiner’s phonon 
operators for BEC. In section 4 the quantum approach of the angular momentum is used 
to obtain the eigenvalues and eigenfunctions of the system up to first- order 
approximation. The interaction between the f- deformed BEC and the probe pulse and 
conditions for subluminality and superluminality of the probe pulse are studied in section 
5. Finally we summarize our results in section 6.  
 
2 The effective two- level model beyond the RWA 
 
We consider the EIT effects in the BEC of Λ - type three- level atoms interacting with 
two laser fields (Fig. 1). The levels 2  and 3 are coupled by a probe field of amplitude 
and frequency 3. The upper level pA pω is coupled to level 1 by a classical coupling 
field of amplitude  and frequencycA cω . Under rotating wave approximation the total 
Hamiltonian for the atom and two fields is given by 
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where, pωω −=Δ , cωωωδ −−= 12  and the constants ijγ determine the rate of 
spontaneous decay from the level i to level j  in the Λ - scheme. We consider the 
dynamics of the levels 2 and 3 of three- level Λ - type atoms interacting with the probe 
field in the EIT regime. We characterize the transition 32 → in terms of the effective 
coupling constant associated with the dipole matrix element 32ρ .Assuming all atoms 
being initially in the ground state 2 we obtain the following stationary solution  
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We introduce the creation and annihilation operators and a , respectively, for the probe 
field and assume strong coupling field so that its intensity is given by a c- number 
parameter. Under the dipole approximation and in the absence of RWA the Hamiltonian 
(2) can be written as an effective two- level Hamiltonian in the following form   
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where is the total number of atoms in BEC and the operators and , describe total 
dipole momentum corresponding to the transitions
Nˆ 3Sˆ ±Sˆ
23 →  for the atoms in the BEC, 
denotes the free energy of the probe field and atoms,  is counter rotating 
Hamiltonian and the atom-field coupling strength  is  defined by [35] 
freeHˆ CRTHˆ
k
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320 2 ε
ωμ == is the single-photon Rabi-frequency in the Dicke model [24], 
and the parameter  denotes linear coupling constant lL
.
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Here, by generalizing the perturbation theory used by Shirely [36] to the quantum field 
case, we obtain a simple effective Hamiltonian that takes into account the influence of 
CRTs. For this purpose, we approximately transform the Hamiltonian (6) to the one 
which commutes with the excitation number operator , by applying 
a sequence of small rotations. At the first step, we apply to the Hamiltonian (6) the 
transformation . Assuming 
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where )2/( Δ+= pωω . It is obvious that if we choose ωλ 2/k=  the second term in (9) 
cancels the counter rotating Hamiltonian . The transformed 
Hamiltonian conserves the number of excitations . It is noticeable that the 
parameter 
)ˆˆˆˆ(ˆ −+
+ += SaSakHCRT
N ′ˆ+UHU ˆˆˆ
ωλ 2/k=  is indeed small for a standard experimental setup in Ref [8].  
 Now, we perform the second small rotation ]ˆ)ˆˆ(
2
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p
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diagonalize the Hamiltonian up the second order in λ in the basis of eigenstates . 
Straightforward calculation shows that the Hamiltonian 
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where  is the RWA interaction Hamiltonian with intensity-dependent coupling 
constant 
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 We now notice that Hˆ~ can be easily eliminated by applying corresponding 
transformations with rotation parameters proportional to which, of course, does not 
affect the terms of the order of . In order to eliminate the first term in
3λ
2λ Hˆ~ , 
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the transformation U can no longer be applied. Furthermore, it is easy to find the width 
of the three-photon resonance, , which is much less than the width 
of the one-photon resonance, 
′′ˆ
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resonance case the term describing the one-photon transition, , can be 
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It is clear that  . As is seen, the corrections produced by the CRTs appear in 
the first order as the intensity-dependent detuning, i.e., dynamical Stark shift, and in the 
second order as the intensity-dependent atom-field coupling. We can write the above 
Hamiltonian in the following form 
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where, the first and the second terms give the free energy of the probe field and atoms 
respectively. The third term shows the intensity-dependent detuning. The fourth term 
represents linear contribution into the interaction between the field and two-level 
particles in dipole approximation. It has the typical form of the Dicke model. The last 
term describes nonlinear processes and it depends on the intensity of the probe pulse. 
 
3 The f- deformed bosonic algebra for the Gardiner’s phonon 
 
We now apply the second quantization theory to the above model. Let 
denote the annihilation and creation operators of the atoms in the excited 
(ground) state, respectively, so that the total Hamiltonian reads as 
+
)()(
ˆ,ˆ gege bb
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It should be noted that in the above Hamiltonian the total atom number 
is conserved . As well known, the central tool to study the 
dynamics of a BEC in the thermodynamic limit is Bogoliubov approximation 
method [9], in which the condensate operators treated as c numbers. One consequence of 
this is that the resulting approximate Hamiltonian does not conserve the total particle 
number . In order to preserve the property of the initial model, we consider 
the Gardiner’s phonon operators [10] defined by 
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These operators obey a deformed algebra. In fact, a straightforward calculation leads to 
the following commutation relation  [ ] ,ˆˆ21ˆˆ21ˆ,ˆ eeeeqq bbbbNbb +++ −=−= η                                                                                   (17) 
By introducing the Gardiner’s phonon operators we arrive at an intrinsically deformed 
model in which the deformation parameter is determined by the total number . Having 
this in mind, the total Hamiltonian (15) can be written as [37] 
N
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where .kNK =                                                                                                             
Now, we intend to study the effect of collisions between the atoms within condensate 
as a special kind of f-deformation. For this purpose, we remind the basics about the f-
deformed quantum oscillators. The f-deformed quantum oscillators [22] by the algebra 
generated by the operators , where the operators }ˆ,ˆ,ˆ,1{ NAA + Aˆ and +Aˆ
+cˆ
are defined as a 
nonlinear expansion of the usual harmonic oscillator operators and ,  cˆ
.ˆˆˆ,ˆ)ˆ(ˆ),ˆ(ˆˆ ccNcNfANfcA ++∗+ ≡==                                                                              (19) 
The operators Aˆ and +Aˆ satisfy the following commutation relations  
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where, is positive analytic function with)ˆ(Nf 0)0( =f . The function is specific to 
each f-deformed algebra. This function plays a central role in our treatment, since it 
)ˆ(Nf
 8
 determines the form of nonlinearities of the system under consideration. As a particular 
physical example, we consider the effect of collisions between the atoms within the 
condensate, where the operator valued function is given as follows [37] )ˆ(Nf
 
,)1(ˆ)ˆ(2 κκ −+= nnf                                                                                                      (21) 
where the collision rate denoted by κ and  is the particle number operator. The 
function , which is a characteristics for the deformation, has a dependence on the 
deformation parameter
nˆ
)ˆ(2 nf
κ such that when the deformation disappear (the case of no 
collision), then 1)0,ˆ(2 ==κnf  and the usual algebra is recovered. In means the 
deformation increase with the collision rateκ . Subsequently, by considering the effect of 
collisions between the atoms within condensate, we can apply the extra deformation on 
the intrinsically deformed Gardiner’s phonon operators for BEC by an operator- valued 
function )1(+ˆ) κκ −= n
)ˆ(2 nf
ˆ(2 nf of the particle number operator [37]. Here the 
nonlinearity is related to the collisions between the atoms within condensate. The 
deformed Gardiner’s phonon operators are related to the nondeformed ones thorough the 
operator valued- function as 
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 For small deformation, the f- deformed Gardiner’s phonon operators  can be 
expressed as 
+
qq BB ,
.+qˆ)]ˆˆ1(2
1[ˆ     )],ˆˆ1(
2
1[ˆˆ +++ −−=−−= qqqqqqq bbbBbbbB κ κ                                                          (23) 
 
Here, the small value for κ is considered, where )nˆ1( −κ would be very smaller than one. 
In that case, by keeping only the lowest order of
N
1=η  for very large total atom number 
 and by keeping only the first- order term of the collision rateN κ for very low 
temperature    we get   
).bˆˆˆ
2
1ˆ)}](ˆˆˆˆ1ˆˆ(1{
2
1[ˆ
)}],ˆˆˆˆ1ˆˆ(1{
2
1)[ˆˆˆ
2
1ˆ(ˆ
bb
N
bbbbb
N
bbB
bbbb
N
bbbbb
N
bB
q
q
+++++++
++++
−−−−≈
−−−−≈
κ
κ
                                                         (24) 
 
Therefore, by using (24) the deformed version of the Hamiltonian (18) can be expressed 
in terms of the nondeformed operators b and b as follows  ˆ ˆ+
 
,ˆˆˆ 0 HHH ′+=                                                                                                                  (25) 
where  
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It is clear that the third and the last terms of H ′ˆ are the corrections produced by the 
CRTs. Furthermore the second term in Eq. (27) describes the attractive exciton- exciton 
collisions due to bi- exciton effect. The third, the fourth and the last terms of H ′ˆ describe 
the decrease of the exciton– photon coupling constants due to the phase- space filling 
effect [38]. It is evident that the Hamiltonian (27) reproduces the Hamiltonian (6) by 
setting κλ , and η equal to zero.  
 
4 Approximate analytical solutions 
 
To solve the Schrödinger equation governed by the Hamiltonian (18) we shall make use 
of the quantum angular momentum theory. According to the Schwinger representation of 
the angular momentum, we can build the angular momentum operators as follows  
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By using the cavity- field ladder operators  and and the exciton operators b and  
we define  
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2
1ˆ ++++ −=+= baba
i
JbabaJ yx                                                                        (29) 
Then we rewrite the Hamiltonian (26) as 
 
,ˆ2ˆˆ2ˆˆ
ˆ)2/(
1
ˆ)2/(
110
yy Ji
z
Ji
pxp eKJeKNJKNH
ππωω +−+=+= ====                                       (30)                              
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 The excitation number operator  is a constant under any SO(3) rotation 
and 
aabbN ˆˆˆˆˆ ++ +=
)1+
z
2
ˆ
(
2
ˆˆˆˆˆ 2222 =++= NNJJJJ zyx is the total angular momentum operator. The 
common eigenstates of and are as follows 2Jˆ Jˆ
 
,0
)!()!(
)ˆ()ˆ(
mjmj
ab
jm
mjmj
−+=
++−+
                                                                                       (31-a) 
or 
 
 ,0
!!
)ˆ()ˆ(
,
nn
ab
nn
e
nn
e
e ++
=                                                                                             (31-b)                              
where denotes the number of photons,  is the number of excitons, and the eigenvalues 
of and  are, respectively 
n en
2J zJ
 
.
2
,...,
2
,
2
NNmNj −=−=                                                                                                 (32) 
The eigenvectors 0jmψ and the eigenvalues  of can be easily constructed as )0(jmE 0H
 
.2           , 1
)0(ˆ)2/(0 mKNEjme pjm
Ji
jm
y == +== − ωψ π                                                       (33) 
Up to the first -order approximation, the eigenvalues of the Hamiltonian Hˆ  are obtained 
as 
,ˆ
ˆ)2/(ˆ)2/()0( jmeHejmEE yy JiJijmjm
ππ −′+=                                                                    (34) 
 
and their corresponding eigenfunctions are given by  
 
.
ˆ
)0(
)0()0(
)0(
jn
jnjk
jkjk EE
jkHjn ψψψ ∑ −
′+=                                                                               (35) 
The matrix elements of the perturbation Hamiltonian H ′ˆ are given by  
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 )}].1)()((
4
1)1)()((
4
1
)2)(1)((
4
1)2)(1)((
4
1
)1)((
2
1)1)((
2
1){
2
1
2
(
)(
2
1)(
2
1)(
2
1)(
2
1[
)]1)((
2
1)1)((
2
1)[(
2
1
2
(
)]()(4)()(4)1)((2
)1)(1)((2)1)(1)((2
)1)((2)1()()1)((
)1)(()1()[(
8
1)1(
)]1)((
4
1)1)((
4
1
)(
2
1)(
4
1)(
4
1[
)]()1)((
4
1)1)((
4
1)[1)(
2
3
(
)](
2
1)(
2
1)[
2
(ˆ
222
2222
22222
222
2222
22
ˆ)2/(ˆ)2/(
−−−++−+−+
−−−−−−−−+−++
+−++−−++−
+−−++−−+
−−+++−−−−
+−+++−+++−
−++−−−−+−−++
−+−−−−−−+−−−
+−+−+−+++−
+−−+−−+−
−−+−++
+−+−+++−−−+−Δ+
+−++Δ+=′ −
mjmjmjmjmjmj
mjmjmjmjmjmj
mjmjmjmj
N
mjmjmjmjK
mjmjmjmj
N
K
mjmjmjmjmjmj
mjmjmjmjmjmj
mjmjmjmjmjmj
mjmjmjmj
N
k
mjmjmjmj
mjmjmjk
mjmjmjmjmj
N
mjmjjmeHejm
p
pJiJi yy
κ
λ
κ
κλ
λ
κω
ωππ
=
=
=
=
=
=
         (36)                               
We shall apply this result in section 5 to drive the polarization of the medium. 
                              
 
5 Controlling group velocity in an f-deformed BEC 
 
In order to get the susceptibility of the medium, we need to calculate the polarization of 
the atomic medium. To this end, we can make use of Hamiltonian approach [39]. 
According to this approach, the polarization of the medium can be expressed as the 
partial derivative of the averaged free energy density of the atomic medium with respect 
to the electric field amplitude 
,
ˆ
∗∂
′∂−=
E
HP                                                                                                                   (37) 
where Hˆ ′  is the interaction part of the Hamiltonian, ∗E  is the complex amplitude of the 
electromagnetic field and defined as nE ε= , where 
V
p
02ε
ωε == (V is the quantization 
volume) and P is the polarization of the medium. Under adiabatic conditions [40], the 
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 averaged Hamiltonian that appears in Eq. (37) can be replaced by  .Then we 
get 
jmjm EE
0−
 
.))}(
2
1
2
(
2
3)
2
1
2
(
2
3{
))}((1)[
2
1
2
(2)
2
1
2
(2
)
2
3
2
)()(1()1)(
2
3
{(
]})(
2
1)[
2
1
2
()
2
1
2
(
]
2
1)(
2
1)(
4
1)[1(
2
)](2
2
1)[1)(
2
3
()
2
{(
)(
52
322
222
2
0
n
N
K
N
k
nmj
N
KK
N
K
mj
N
kk
N
nmj
N
KK
N
K
mjmj
N
k
kmj
N
n
EE
E
HP
p
pp
jmjm
−−−
−−+−+−−
+−−+−+++−Δ+
−−−−−−
−+−−−+−
+−++−+−Δ++Δ+−=
=∂
−∂−=∂
′∂−= ∗
κλκλ
κλλκ
κλλκω
κλλκ
κλ
λκωω
ε
=
=
=
                                             (38) 
 
 On the other hand, the total polarization of the BEC coupled to the probe 
electromagnetic field is given by  
 
....))(())(())(( 5)5(0
3)3(
0
)1(
0 +++= nnnP ppp εωχεεωχεεωχε                            (39)                             
 
where  is the linear susceptibility and  represents the k th-order nonlinear 
susceptibility.Using Eqs. (38) and (39) we obtain first, third and fifth order nonlinear 
susceptibilities of the BEC in the following form, (the higher order susceptibilities of the 
medium are zero). 
)1(χ )(kχ
)}.
2
1
2
(
2
3)
2
1
2
(
2
3{)(
)},(1)[
2
1
2
(2)
2
1
2
(2
)
2
3
2
)()(1()1)(
2
3
{()(
]})(
2
1)[
2
1
2
()
2
1
2
(
]
2
1)(
2
1)(
4
1)[1(
2
)](2
2
1)[1)(
2
3
()
2
{()(
2
0
6
)5(
22
0
4
)3(
222
2
0
2
)1(
N
K
N
k
mj
N
KK
N
K
mj
N
kk
N
mj
N
KK
N
K
mjmj
N
k
kmj
N
p
p
p
pp
p
−−−−=
−+−+−−
+−−+−+++−Δ+−=
+−−−−−
−+−−−+−
+−++−+−Δ++Δ+−=
κλκλεεωχ
κλλκ
κλλκωεεωχ
κλλκ
κλ
λκωωεεωχ
=
=
=
                                 (40)                              
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The total susceptibility of the BEC at the probe field frequency including linear and 
nonlinear terms, reads   
 
),()()()()()()( )()1(
4)5(2)3()1(
p
nl
pppppp EE ωχωχωωχωωχωχχ +=++=               (41)                              
 
where the nonlinear part of the total susceptibility of the medium is  
 
.)()()()()(
4)5(2)3()(
ppppp
nl EE ωωχωωχωχ +=                                                         (42) 
The refractive index )( pn ω  is related to the susceptibility of the medium )( pωχ through 
the relation ,)(1)( ppn ωχω += while the group velocity is
gn
c , where the group 
refraction index is defined as .
)(
)(
p
p
ppg d
dn
nn ω
ωωω +=                                                                                     
We are now in a position to present numerical results[Figs. 2-8] for dependence of the 
refraction group index and the real and imaginary parts of the linear and nonlinear 
susceptibilities of the f- deformed BEC under consideration on the CRTs (or 
λ parameter) and the deformation parameters κ ,  (or N
N
1=η ). In this paper, we 
consider probe pulse propagation in an f-deformed BEC of a gas of -type 
configuration. This system can be realized in the BEC of sodium atoms (Fig. 1), where 
the probe transition is denoted by 
Λ
)589(101.5
2
14 nm=×= λHzπ
ω [2] and the energy 
splitting between the levels 1 and 2  is MHz1772
2
12 =π
ω
.The intensity of the coupling 
field is 2
55
cm
mWIc = corresponding to the Rabi frequency MHzg 4.212/1 =π [2], much 
stronger than the intensity of the probe field 2cm
W80I p
μ= corresponding to 25 photons in 
average. The other physical parameters for the BEC of sodium are set to be, the density 
of the condensate 312103.3 −×= cm
V
N  [2], the dipole matrix element 
mC.1022 3032
−×=μ  [40], the decay rates 31γ and 32γ of the level 3  
MHz52/2/ 3231 == πγπγ [21], the decay rates from the transition between the hyperfine 
levels 1 and 2  KHz382/12 =πγ [41]. 
To observe the effects of CRTs on propagation of the probe pulse, for a given collision 
rate κ and the total number of atoms , we need to plot the group refraction index as a 
function of detuning , for different values of
N
Δ λ . This is shown in Fig 2a. The point Δ =0 
of the exact resonance corresponds to the EIT regime, characterized by low losses. The 
zero points of group refraction index in Fig .3a show an uncertainty of the group 
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 velocity , of the probe pulse and describe the possibility of observing superluminal 
velocities. When the refraction index is negative (corresponding to the superluminal 
propagation) the peak of the pulse exits the BEC before it passes the entrance face. We 
see that the pulse propagation changes from subluminal to superluminal and the 
significant subluminality and superluminality take place for largeparameter
gv
λ . However, 
the increase in parameter λ leads to large nonlinearity as shown in Fig 2b. In Fig 2b, we 
show the real part of the nonlinear total susceptibility , defined by Eq. (42), versus 
the probe pulse detuning , for three different values of the parameter
)(nlχ
Δ λ , which 
correspond to the nonlinear properties of the medium. It is clear that the nonlinearity 
increases with the parameterλ  which in turn leads to the slower subluminal and faster 
superluminal group velocity. Therefore, for a given collision rate κ and the total number 
of atoms , the parameterN λ  can be adjusted to realize the transition from subluminal to 
superluminal propagation. In Fig. 3a, we show the behavior of the group refraction index 
as a function of the detuning parameterΔ of the probe pulse for three different values of 
the deformation parameterκ  when 1.0=λ and . As is seen, with the 
increasing value of the collision rate 
)010 ≈=N (,20 η
κ  the subluminal and superluminal behaviors of the 
group velocity are enhanced. The physical origin of this result is that with increasing the 
deformation parameter κ the nonlinearity of the model under consideration becomes 
larger, as shown in Fig. 3b. In Fig. 3b, we plot the real part of the nonlinear total 
susceptibility  as a function of )(nlχ Δ  for three different values ofκ and 1.0=λ . The real 
part of shows the nonlinearity of this process. It is evident that the nonlinearity 
increases with deformation parameter
)(nlχ
κ . To observe the effect of number of atoms , for 
a given collision rate, in the presence of CRTs, (
N
1.0=λ ) we plot the group refraction 
index as a function of detuning Δ  for different values of (Fig. 4a). We see that the 
pulse propagation can change from subluminal to superluminal and significant 
superluminality and subluminality take place for large values of the deformation 
parameter
N
η . In other words, superluminality and subluminality decrease with the total 
number of condensate atoms . The reason is due to the fact that with increasing the 
deformation parameter
N
η there exist an enhancement of the nonlinearity as shown in Fig. 
3b. In Fig. 4b, we plot the real part of the total nonlinear susceptibility as a function 
of detuning  for different values of the deformation parameter 
)(nlχ
Δ η  and for the case of no 
collision ( 0=κ ) and 1.0=λ . As is seen, the nonlinearity increases with the deformation 
parameterη . The imaginary part of the total nonlinear susceptibility is plotted versus 
the detuning in Figs. 5a, 5b and 5c. We observe that the absorption coefficients 
increase with the parameters
)nl(χ
Δ
η ,κ  andλ . In Figs. 6a, 6b and 6c, we plot the real part of 
the linear susceptibility  versus detuning)1(χ Δ  for various values of the parametersη ,κ  
andλ . It is evident that the dispersive properties of the BEC increase with the 
parameterη ,κ  andλ . The imaginary part of the linear susceptibility as a function of the 
detuningΔ is shown in Figs. 7a, 7b and 7c, for various values of the parameterη ,κ  
andλ . It is clear that the medium has absorption for positive absorption coefficient and 
gain for negative absorption coefficient. We see that the gain and absorption properties of 
the BEC increase with the parametersη ,κ  andλ . In Figs. 8a-8f we illustrate the effects 
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 of the parameterλ  and deformation parametersη ,κ on the magnitude of the real and 
imaginary parts of the total susceptibility, which correspond to the dispersive and 
absorptive properties of the condensate, respectively. It is seen that at the region around 
the zero detuning  both Δ χχ ′′′, are equal to zero. This means that the absorption is 
almost zero where the index of refraction is unity. Thus the medium becomes transparent 
under the action of the probe field and EIT is occurred. It is evident that with the 
increasing values of the parametersη ,κ  andλ there exists an enhancement of the 
dispersion and absorption properties of the deformed BEC under consideration.  
 
6 Summary and conclusions   
 
 In summary, we have studied the dispersive, absorptive and propagation properties of a 
weak optical probe field in an f- deformed BEC of the gas of Λ - type three- level atoms 
in the EIT regime beyond the RWA. By applying an effective two- level quantum model 
beyond the RWA, within the framework of the f- deformed boson model, we have shown 
that in the existence of CRTs, the model can be transformed into an intensity-dependent 
Hamiltonian. Corrections produced by the CRTs appear in the first order as the intensity-
dependent detuning and in the second order as the intensity-dependent atom-field 
coupling. We have calculated the linear and nonlinear susceptibilities of the atomic 
condensates. In addition, we have considered the effects of collisions between the atoms 
within the condensate as a special kind of f- deformation for which the collision rateκ is 
regarded as the corresponding deformation parameter. We have demonstrated that 
tunable control of the group velocity of a weak probe field from subluminal to 
superluminal and we have studied the effects of CRTs on the propagation of the probe 
pulse. We have found that the deformed parametersη , κ and λ play an important role in 
determining the subluminal and superluminal propagation through the condensate. We 
have also shown that by applying the deformation on atomic operators of the BEC 
medium, it is possible to obtain large nonlinearity that leads to an enhanced subluminal 
and superluminal propagation. 
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Figure captions  
 
Fig.1: The energy level scheme of three-level atoms (for example,  atoms). Two 
hyperfine sub-levels of sodium state 
Λ Na23
2
1
23 S with F=1 and F=2 are associated with levels 
2 and 1 of the Λ - scheme, respectively. An excited state 3 corresponds to the 
hyperfine sub-level of the term
2
3
23 P with F=2 
 
Fig.2a: The group velocity as a function of the detuning parameterΔ , for three different 
values of the parameterλ , .)-0.3(-. 0.1(-),, (...)0 === λλλ , the total number of atoms 
 and the total number of excited atoms)0(,1020 ≈= ηN 1=en  
 
Fig.2b: The real part of the total nonlinear susceptibility , as a function of the 
detuning parameter , for three different values of the parameter
)Re( )(nlχ
Δ λ , 
.)-0.3(-. 0.1(-),, (...)0 == =λλλ , the total number of atoms and the 
total number of excited atoms
)0(,1020 ≈η=N
1=en  
 
Fig.3a: The group velocity as a function of the detuning parameterΔ , for three different 
values of the deformation parameterκ , .)-0.008Hz(-. ,0.005Hz(-), (...)0 === κκκ , the 
total number of atoms , the total number of excited atoms and ) 1=en0≈(,1020= ηN
1.0=λ  
 
Fig.3b: The real part of the total nonlinear susceptibility , as a function of the 
detuning parameterΔ , for three different values of the deformation parameter
)Re( )(nlχ
κ , 
.)-0.008Hz(-. ,0.005Hz(-), (...)0 === κκκ , the total number of atoms 
, the total number of excited atoms)0(,1020 ≈= ηN 1=en and 1.0=λ  
 
Fig.4a: The group velocity as a function of the detuning parameterΔ , for three different 
values of the total number of atoms ,N .).),(20(...),30 −(10 −=−== NNN  in the case of 
no collision ( 0=κ ), the total number of excited atoms 1=en 1.and 0=λ  
 
Fig.4b: The real part of the total nonlinear susceptibility , as a function of the 
detuning parameter , for three different values of the total number of 
atoms ,
)Re( )(nlχ
Δ
N .).(10),(20(...),30 −−=−== NN N  in the case of no collision ( 0=κ ), the 
total number of excited atoms 1=en .0and 1=λ  
 
Fig.5a: The imaginary part of the total nonlinear susceptibility , as a function of 
the detuning parameter ,for three different values of the parameter
)Im( )(nlχ
Δ λ , 
 20
 .)-0.3(-. 0.1(-),, (...)0 === λλλ , the total number of atoms and the 
total number of excited atoms
)0(,1020 ≈= ηN
1=en  
 
Fig.5b: The imaginary part of the total nonlinear susceptibility , as a function of 
the detuning parameterΔ , for three different values of the deformation parameter
)Im( )(nlχ
κ , 
.)-0.008Hz(-. ,0.005Hz(-), (...)0 === κκκ  , the total number of atoms 
,  the total number of excited atoms)0(,1020 ≈= ηN 1.0=λ1=en and  
 
Fig.5c: The imaginary part of the total nonlinear susceptibility , as a function of 
the detuning parameter , for three different values of the total number of 
atoms ,
)Im( )(nlχ
Δ
N ),(20(...),30  in the case of no collision ( 0=κ=−== NNN .).(10 −− ), the 
total number of excited atoms and 1.0=λ  1=en
 
Fig.6a: The real part of the linear susceptibility  as a function of the detuning 
parameter , for three different values of the parameter
)Re( )1(χ
λ , Δ
.)-0.3(-. 0.1(-),, (...)0 === λλλ , the total number of atoms and the 
total number of excited atoms
)0(,1020 ≈= ηN
1=en
Δ
 
 
Fig.6b: The real part of the linear susceptibility  as a function of the detuning 
parameter , for three different values of the deformation parameter
)Re( )1(χ
κ , 
.)-0.008Hz(-. ,0.005Hz(-), (...)0 === κκκ , the total number of atoms 
 the total number of excited atoms)0(,1020 ≈= ηN 1.0=λ  1=en and 
 
Fig.6c: The real part of the linear susceptibility  as a function of the detuning 
parameter , for three different values of the total number of 
atoms ,
)Re( )1(χ
.)
Δ
N ),(200(...),300  in the case of no collision ( 0=κ−== NN N .(100 −−= ), the 
total number of excited atoms and 1.0=λ  1=en
 
Fig.7a: The imaginary part of the linear susceptibility  as a function of the 
detuning parameterΔ , for different values of the parameter
))1(Im(χ
λ , 
.)-0.3(-. 0.1(-),, (...)0 === λλλ , the total number of atoms and the 
total number of excited atoms
)0(,1020 ≈= ηN
1=en  
 
Fig.7b: The imaginary part of the linear susceptibility Im(  as a function of the 
detuning parameterΔ , for three different values of the deformation parameter
))1(χ
κ , 
.)-0.008Hz(-. ,0.005Hz(-), (...)0 === κκκ , the total number of atoms  
the total number of excited atoms
)0( ≈η,1020=N
and 1.0=λ  en 1=
. 
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 Fig.7c: The imaginary part of the linear susceptibility  as a function of the 
detuning parameter , for three different values of the total number of 
atoms ,
)Im( )1(χ
Δ
N .).(10),(20(...),30 −−=−== NN N  in the case of no collision ( 0=κ ) the 
total number of excited atoms 1=en .0and 1=λ  
 
Fig.8a: The real part of the susceptibility )Re(χ , as a function of the detuning 
parameter , for different values of the parameterΔ λ , .)-0.3(-. 0.1(-),, (...)0 === λλλ , 
the total number of atoms and the total number of excited atoms)0(,1020 ≈= ηN 1=en  
 
 
Fig.8b: The real part of the susceptibility )Re(χ , as a function of the detuning 
parameter , for three different values of the deformation parameterΔ κ , 
.)-0.008Hz(-. ,0.005Hz(-)(...)0 === , κκκ , the total number of atoms  
the total number of excited atoms
)0(,1020 ≈= ηN
1=en and 1.0=λ  
 
Fig.8c: The real part of the susceptibility )Re(χ , as a function of the detuning 
parameter , for three different values of the total number of 
atoms ,
Δ
N .).(10),(20(...),30 −−=−== NNN  in the case of no collision ( 0=κ ),the 
total number of excited atoms 1=en 0and 1.=λ  
 
Fig.8d: The imaginary part of the susceptibility )Im(χ , as a function of the detuning 
parameter , for different values of the parameterΔ λ , .)-0.3(-. 0.1(-),, (...)0 === λλλ , 
the total number of atoms and the total number of excited atoms)0(,1020 ≈= ηN 1=en  
 
Fig.8e: The imaginary part of the susceptibility )Im(χ , as a function of the detuning 
parameter , for three different values of the deformation parameterΔ κ , 
.)-0.008Hz(-. ,0.005Hz(-)(...)0 === , κκκ , the total number of atoms  
the total number of excited atoms
)0(,1020 ≈= ηN
1=en and 1.0=λ  
 
Fig.8f: The imaginary part of the susceptibility )Im(χ , as a function of the detuning 
parameter , for three different values of the total number of 
atoms ,
Δ
N .).(10),(20(...),30 −−=−== NNN  in the case of no collision ( 0=κ ) the 
total number of excited atoms 1=en .0and 1=λ  
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